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Abstract

Using more test-time computation during language model inference, such as generating
more intermediate thoughts or sampling multiple candidate answers, has proven effective in
significantly improving model performance. This paper takes an initial step toward bridging
the gap between practical language model inference and theoretical transformer analysis by
incorporating randomness and sampling. We focus on in-context linear regression with con-
tinuous/binary coefficients, where our framework simulates language model decoding through
noise injection and binary coefficient sampling. Through this framework, we provide detailed
analyses of widely adopted inference techniques. Supported by empirical results, our theoretical
framework and analysis demonstrate the potential for offering new insights into understanding
inference behaviors in real-world language models.
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1 Introduction

Transformer-based (Vaswani, 2017) large language models (LLMs) have demonstrated impressive
general-purpose capabilities, representing state-of-the-art architectures in natural language processing
(Dubey et al., 2024; Guo et al., 2025; Achiam et al., 2023) and increasingly in other domains such as
computer vision (Peebles and Xie, 2023; Agarwal et al., 2025). While scaling laws for LLM training
Kaplan et al. (2020) have described their performance with respect to the train-time compute (i.e.
model size, data size, and training time, e.g.), leveraging additional test-time computation of the
pretrained LLMs, such as extend reasoning length by generating additional intermediate thoughts
(Wei et al., 2022; Guo et al., 2025; OpenAl, 2024) or sampling multiple candidate answers and
aggregating to obtain the best one (Cobbe et al., 2021; Wang et al., 2023), has recently demonstrated
great potential for further enhancing their reasoning capabilities. However, despite the success of
scaling up test-time computing for LLMs, the theoretical understanding of transformer models, even
for the relatively simpler linear cases, for such successes remains quite limited.

Due to the success of LLMs itself, a huge body of recent theory works has emerged, aiming
at understanding the hidden mechanisms of transformers from other angles. These works have
been focused on seeking to explain the model’s capabilities in memorization (Mahdavi et al., 2023;
Kim et al., 2023), in-context learning (ICL) (von Oswald et al., 2023; Zhang et al., 2023; Huang
et al., 2025), function approximation power (Takakura and Suzuki, 2023; Malach, 2023), algorithm
simulation (Chen and Zou, 2024; Fu et al., 2023; Liu et al., 2024), and the training dynamics (Yang
et al., 2024; Zhang et al., 2023; Chen et al., 2024a) for transformers initialized from scratch, to name
a few. Most of these works consider simplified settings with linear attention (von Oswald et al.,
2023) and focus on how transformers can directly leverage their output activations to solve specific
tasks like in-context linear regression (Garg et al., 2023), ignoring the sampling and tokenization
procedure for LM decoding, creating substantial gaps between theoretical analysis and practical
LLM applications.

One of the main gap between prior theoretical works and LLM used in practice is that, prior
theoretical works typically focus on transformers with deterministic decoding procedures, where
the model output is fixed for a given prompt. In practice, many inference techniques for scaling up
test-time computing, such as majority voting (Wang et al., 2023), best-of-N sampling (BoN) (Cobbe
et al., 2021), and tree of thoughts (ToT) (Yao et al., 2024), rely on probabilistic sampling procedures
in real-world LLMs: given a prompt, the model predicts subsequent tokens by first computing a
distribution over potential candidates and then sampling from it. This gap between the theoretical
setups and the real-world LLM behavior hinders us towards understanding and analyzing of the
success of transformer test-time computation.

Our contributions. In this work, we aim to bridge the gap between practical language model
(probabilistic) inference and theoretical transformer analysis, providing initial theoretical insights
into transformer test-time computation. Specifically, we examine the in-context linear regression
task with continuous/binary coefficients, simulate LLMs’ sampling decoding procedure by injecting
random noise (continuous case) or conducting discrete sampling (binary case) based on the model’s
original output, using the processed tokens for subsequent sampling decoding steps. We then conduct
analysis towards test-time computation of transformers based on our theoretical framework. The
main contributions of this paper are highlighted as follows:

e We take an initial step toward bridging the gap between practical language model inference and
theoretical transformer analysis by incorporating randomness and sampling. Our framework
simulates language model decoding through noise injection and binary coefficient sampling,
exhibiting trends similar to real-world LLMs’ inference, as demonstrated in Fig 1.

e Through our framework, we conduct detailed analysis of how test-time computation plays a role
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Figure 1: Comparison between real-world LLM’s inference (above) and our designed sampling
framework (below) for different sample numbers N and reasoning lengths. Our framework simulates
language model decoding through noise injection and binary coefficient sampling, exhibiting trends
similar to real-world LLMs’ inference, Details can be found in Appendix A

in our reasoning framework, including reasoning steps and sampling number, which can be applied
to widely adopted inference techniques such as majority voting, ensembling, and chain-of-thought
prompting.

o We validate our theoretical analysis through extensive experiments. Furthermore, we attempt to
predict real-world LLM performance using our theoretical framework. The results demonstrate
the potential of applying our theoretical framework for practical LLM behavior analysis.

2 Related Works

Scaling test-time computing in LLMs. Scaling test-time computing has demonstrated tremen-
dous empirical success in LLMs, especially for reasoning tasks (OpenAl, 2024). Recent research
on increasing test-time computing in LLMs primarily focuses on the following two aspects (Snell
et al., 2024a): (i) generating longer reasoning paths, including chain-of-thought (CoT) prompting
that elicits intermediate reasoning steps (Wei et al., 2022; Kojima et al., 2022) and self-refinement
methods that iterate on previously generated content (Madaan et al., 2023; Saunders et al., 2022;
Kumar et al., 2024); and (ii) generating multiple potential reasoning paths and selecting the optimal
one through the methods such as consistency-based selection (Wang et al., 2023), reward-guided
choosing (Stiennon et al., 2020; Liu et al., 2020; Cobbe et al., 2021; Dong et al., 2023), reasoning tree
search (Yao et al., 2024; Zhou et al., 2023), etc. Empirical studies demonstrate that increased test-
time computation consistently improves model performance Snell et al. (2024b); Yue et al. (2024);
OpenAl (2024), suggesting the existence of inference scaling laws (Wu et al., 2024). Nevertheless,
the theoretical analysis of inference-time computing and its scaling law remains quite open.
Theory for transformer test-time computing. Inspired by the empirical success of the
inference-time computing techniques of LLMs, recently there have been a few works trying to
demystify the mechanism behind it through analysis on theoretical tasks and simple transformer
models. Both Wen et al. (2024); Kim and Suzuki (2024) consider how to train a one-layer transformer
that utilizes CoT reasoning to efficiently solve the k-parity learning task, which provably improves
over the same one without using CoT reasoning. Hu et al. (2024) studies the statistical properties
of CoT prompting and its variants including majority vote and tree-of-thought (ToT). However,
their analysis is model agnostic and does not consider concrete transformer models compared with
our work. The mostly related to our paper is the work of Huang et al. (2025) who considers a
one-layer transformer to solve in-context linear regression task with continuous coefficient. They
show that the transformer can be well trained to perform vanilla multi-step GD with CoT. However,
the fundamental difference between the study of Huang et al. (2025); Wen et al. (2024); Kim and



Suzuki (2024) and ours is that we propose to include randomness in the inference stage of the
transformer models, which then allows us to go further and study more sophisticated test-time
computing methods that involve randomly sampling multiple reasoning or CoT paths.

Theory for in-context learning by transformers. In-context learning (ICL) (Brown et al.,
2020) is a key capability of LLMs which means that the model is able to answer a new query
provided with a few query-answer demonstrations of the similar tasks without updating the model
parameters. The empirical success of ICL methods has sparked a long line of theoretical research for
the ICL ability of transformers. Most of these theoretical research builds on the in-context learning
framework of Garg et al. (2023), where input-output pairs are formalized as {(x;, f(x;))}, and
the model (typically, transformers) is required to learn the unknown function f(-) from the context
without updating the parameters. This framework enables theoretical analysis of transformers
across multiple dimensions: expressive power (Bai et al., 2024; Guo et al., 2023), mechanistic
understanding (Giannou et al., 2024; von Oswald et al., 2023; Ahn et al., 2023a; Li et al., 2025), and
training dynamics (Zhang et al., 2023; Huang et al., 2023; Chen et al., 2024a; Wu et al., 2023; Zhang
et al., 2025). While most existing research treats transformer decoding as a deterministic process,
theoretical understanding of test-time computation for transformer ICL remains in its infancy.

2.1 Preliminaries and More Backgrounds

This section outlines the problem setups. We first detail transformers’ inference mechanism,
emphasizing sampling-based techniques for enhancing test-time computation. We then introduce
in-context linear regression, the theoretical task central to our study.

2.1.1 Transformer and Sampling-based Test-time Computing

A transformer (Vaswani, 2017) is an auto-regressive sequence-to-sequence model that predicts the
next token’s distribution, i.e., p(z4+1|ze, -+ ,x1). It maps the representation of the last token x;y;
to a softmax distribution over the vocabulary space V to determine the probability of x¢y1.
The above inference mechanism can be abstracted in the following way. Given the current input
sequence embedding Hy = (hy,--- ,hy) € Re%*t one iteratively performs the following two steps:
e Compute and extract the hidden state for the last position ¢, i.e., hy = TFy(H;), where TFy denotes
the stacked transformer blocks in the whole architecture.
e Sample the next token z; 1 (and thus the embedding of the next token hy;1) based on a probability
distribution returned by a sampling algorithm inputted with hy, ie., h; 1 + Sampling,Alg(flt).
Sampling-based test-time computation. As previously introduced, the probabilistic nature
of the computation procedure can introduce randomness into the inference process, which is key
to an array of techniques for scaling up test-time computing in order to boost the performance
of large language models for various tasks, including Best-of-N sampling (BoN) (Stiennon et al.,
2020; Nakano et al., 2021; Dong et al., 2023), majority vote (Wang et al., 2022), etc. Notably,
these methods typically sample N independent reasoning trajectories through the above decoding
mechanism and choose the one with the highest value of a given reward model or the most consistent
one across all candidates.

2.1.2 Theoretical Task: In-context Linear Regression.

We explore how sampling-based test-time computing can enhance transformer performance by
focusing on in-context linear regression, a common problem setup (Akytirek et al., 2022; Von Oswald
et al., 2023; Zhang et al., 2023; Chen et al., 2024b). In-context learning (ICL Brown et al. (2020))
involves auto-regressive models inferring answers from few task demonstrations. we consider the



following general setup: first drawing the ground truth parameter from the prior w* ~ py(-), then
(Xiv yl) ~ Dw*ayi = XzTW* + €, Vi € [n]a (21)

where py denotes the prior distribution of the regression tasks, ¢; is the i.i.d. random noise, and
n € N is the size of the in-context dataset. The goal of in-context linear regression is to use
transformers to make predictions regarding the true label XuneryW* associated with another covariate
Xquery ~ N(0,14) when prompted with the in-context dataset (x1,y1,- - ,Xn,yn) concatenated
with the query xquery. Towards such a goal, this work aims to establish a theoretical framework
that allows one to principally investigate how sampling-based techniques for scaling up test-time

computing could benefit the predictions, thus boosting the performance of solving the task.

3 Scaling Test-time Computation for In-Context Regression

In this section, we introduce our theoretical framework for studying sampling-based test-time
computing of transformers (Section 2.1.1) through in-context linear regression (Section 2.1.2). We
present our framework in Section 3.1. After that, we study two instances of the in-context linear
regression task (2.1), depending on the types of the task prior py, to design concrete sampling
algorithms for inference.

3.1 A Theoretical Framework

We begin by noticing that most of the existing prior works on in-context linear regression by
transformers are incapable for studying sampling-based test-time computing due to the lack of (i)
randomness of the output of the transformer architecture they study; (ii) chain-of-thought (CoT)
style multi-step reasoning in the outputs. To handle the challenge, we explicitly construct an
inference mechanism that involves both randomness and auto-regressive CoT reasoning to solve
in-context linear regression tasks. Specifically, motivated by the recent work of Huang et al. (2025),
we consider the specific goal of in-context coefficient prediction, where the final output of the
transformer reasoning path is a prediction w of the task coefficient w*. The transformer inference
mechanism is designed to output stochastic reasoning paths, and different sampling-based test-time
computing techniques correspond to how to aggregate different reasoning paths.

Inputs and transformer architecture. Given the in-context dataset (x1,y1,- -+ ,Xn,¥n), the
prompt to the transformer (defined later) is the following matrix in Re*(+1)

X1 -+ X, 0 X' o
w0 y' 0

H, = 0 - 0 wo| T 0 wo |’ (3.1)
o --- 0 1 0 1

where the dimension of the embedding d. = 2d + 2. We denote X' = (X1, ,Xp) € R4 ag the
collection of covariates, and denote y ' = (y1,--- ,yn) € R1™ as the collection of labels. We input
an initial guess of the coefficient, denoted by wg, and we wy = 0 without loss of generality. Note
that such a prompt embedding format which separates the space of data and the space of weight
predictions follows the convention of Bai et al. (2024); Huang et al. (2025) in order to facilitate
theoretical analysis.

The model we consider is a one-layer self-attention module equipped with residual connection
(Von Oswald et al., 2023; Zhang et al., 2023; Ahn et al., 2023b; Huang et al., 2025):

H'WH

TFy(H) := H 4+ VH . ——— : R%X* R, (3.2)
n



where § = {V, W} denotes the parameters. Here V € R%*de represents the consolidation of
the projection and value matrices in a standard transformer block, and W € R%*9e denotes the
consolidation of the key and query matrices.

Sampling-based auto-regressive inference mechanism. With the model (3.2) and the
prompt (3.1), we consider the following mechanism of inference that mimics a real LLM.

Definition 3.1 (Inference mechanism). Given a prompt embedding matriz Hy, for each ¢ € N, we
iteratively sample the embeddings for the next token as following:

o Compute Hy = TFy(Hy) with TFy(Hy) defined in (3.2);

e Eztract hy from H, last column, i.e., h, = (ﬁg) 15

e Sample the embedding vector for the next token via Sampling Alg, i.e., hpiq < Sampling,Alg(flg),'

e Concatenate to obtain the embedding matriz for the new sequence of length €+ 1, i.e., Hpy1 =
(He, hyyr).

Here Sampling Alg(-) is to be determined that assigns the distribution of the next token
(embedding) conditioning on the last token’s embedding output by the transformer. Note that
the output of the above mechanism is a joint result of the transformer model and the sampling
algorithm.

Towards the goal of in-context weight prediction for (2.1), we introduce the following proposition,
which shows that the transformer architecture together with a proper sampling algorithm can
implement variants of noisy gradient descent.

Proposition 3.2 (Definition 3.1 can implement noisy GD). There ezists a transformer instance of
(3.2) denoted by TFy,, and a type of sampling algorithm Sampling Alg such that given prompt Hy
defined in (3.1), the output embedding after t iterative generations Hy according to Definition 3.1
satisfies (Hy). nre = (07,0,w/,1)T with

we~p ("Wf—l—ﬁ ' XT(Xwe—l—Y)) vi<i<t,
n

where the conditional distribution p(-|-) is specified by the sampling algorithm Sampling Alg.

This proposition is mainly motivated by the recent work of Huang et al. (2025). Please refer
to Appendix B.1 for a detailed proof of Proposition 3.2. Proposition 3.2 shows that the above
inference mechanism is able to explicitly implement gradient-based iterative algorithms to predict
the regression coefficient w*. We define the prediction of the regression coefficient after ¢ reasoning
steps of one reasoning path as w; := (H;)g42.24+1n+¢ One special case of Proposition 3.2 is a
transformer that explicitly performs standard multi-step GD (Huang et al., 2025), i.e., p(:|z) = d(-).
Please see Appendix B.2 for the details.

Now to theoretically understand the effectiveness of more sophisticated sampling-based test-time
computing techniques, e.g., Best-of-N and majority vote, we go beyond (B.1) and consider sampling
algorithms that does introduce randomness into the reasoning path. We formalize these test-time
computing methods we study in this paper as following.

Definition 3.3 (Sampling-based test-time computing techniques). Given a transformer TFg and a
sampling algorithm that jointly satisfy Proposition 3.2, together with a prompt embedding matrix
Hy in (3.1), a CoT reasoning length limit t € Ny, and a sampling budget N € N, we consider the
following test-time computing methods:



e Firstly generate N random predictions of the regression coefficient as {ng) j-vzl (see Proposi-
tion 3.2);
e Then aggregate the N random outcomes {ng)}?]:l by using one of the following options:

1. Ensemble: Wayg := N1 - Zj\le ng)},

N R(ng)) where R(-) : RY s R is certain reward function;
j=1

2. Best-of-N: wgeoy := argmax, (;
{w

3. Magjority vote: Wyy = ArgMax, (), v Occur(w(j)), where Occur(:) : R? — N is a proper
t =1

function that counts the occurrence of the input.

In the following Sections 3.2 and 3.3, we instantiate the in-context linear regression task (2.1)
to more concrete task priors, and investigate the effectiveness and the scaling law of the above
test-time computing techniques. We also remark that in this paper we assume the existence of a
transformer satisfying Proposition 3.2 without explicitly training such one from scratch, which is
left as an interesting future work.

3.2 Case Study 1: In-context Linear Regression with Continuous Coefficient

The first type of tasks we consider is the standard in-context linear regression with continuous
regression coefficient sampled from a Gaussian distribution, i.e., pw = N(0,w? - I). For this case,
the specific type of sampling algorithms Sampling Alg we study is concluded in Algorithm 1.

Algorithm 1 Sampling algorithm for in-context linear regression with continuous coefficient

1: Input: token embedding }~1, noise level o > 0, noise transformation function ¢.(-) : R xR¢ — R%,

2. Extract the coefficient W from h, i.e., W = (h)g42:2441
3: Sample a noise vector & ~ N(0, 02 - 1)

4: Define w < w + gf)g (VNV)

5. Output: h := (0,0,w,1)".

Under sampling method Algorithm 1, Proposition 3.2 is satisfied with 2’ ~ p(:|z) given by
&' = x+ ¢¢(z) for a Gaussian random seed £ and some noise transformation function ¢¢. Recall that
by Proposition 3.2, w output by the transformer is performing one-step gradient descent from the
last prediction. The intuition of studying Algorithm 1 is that such a noisy version of the gradient
descent could allow exploration of the loss landscape, and we aim to investigate whether the test-time
computing techniques in Definition 3.3 could properly aggregate the random gradient-based paths
to achieve a better prediction than vanilla multi-step GD (B.1) via less overfitting. In this paper,
we investigate the following two concrete and simple examples of the noise transformation function
(NFT) ¢¢. Potential future works could investigate other types of ¢¢.

Example 3.4 (Constant NFT). ¢¢(w) := &, independent of the input w and is homogeneous across
reasoning steps.

Example 3.5 (Linear NFT). ¢¢(w) := &€ "w, linear in the input predicted weight w such that the
sampling distribution has different shape based upon the current decoding result.

We consider the following test-time computing methods.

Baseline: multi-step GD with CoT (B.1). This is a transformer implementing a vanilla
GD, without using Algorithm 1 but directly using one-step GD as the next token. It is clear that
this baseline is deterministic and does not require multiple samples.



Ensemble. We consider sample average of the predictions from N reasoning paths. We denote
the resulting prediction after N sampling paths of length ¢ as wayg.

Best-of-IN. We also consider BoN with the oracle reward model R*(w) := —||w — w*||3. The
resulting prediction accuracy gives an upper bound for other test-time computing method due to the
usage of the truth. We denote the resulting prediction after N sampling paths of length ¢ by wgey.

3.3 Case Study 2: In-context Sparse Linear Regression in Discrete Space

Motivated by the practical setting where the candidate tokens lie in a discrete space, we also
consider another case in which the coefficient is a sparse binary vector, denoted as w* € {0, 1}d
with ||[w*[|o = k < d. In this situation, we consider the following sampling algorithm Sampling Alg,
which performs sampling on a discrete space {0,1}% based on the predicted weight W in the
transformer output. In algorithm 2, the function ClipNorm(-) first clips each element in w to
be non-negative and then normalizes the resulting vector such that its elements sum to 1, i.e.,
(ClipNorm(w)); = max{w;,0}/ Z?,Zl max{wy,0}. This resembles the softmax operation over a
vocabulary set. Then algorithm 2 simulates LLM decoding by sampling tokens based such a
distribution. More specifically, given the distribution p, we sample the (embedded) next token w as
a k-sparse vector with non-zero coordinates sampled from p. We treat the vector sparsity k as a
fixed parameter satisfying 1 < k < d, with k typically set to 1 in practice. Such a discrete nature of
these coeflicients enables us to consider the method of majority vote among the sampling-based
test-time computing strategies in Definition 3.3. In this work, we compare majority vote to a
baseline inference mechanism based on greedy decoding which does not utilize sampling.

Algorithm 2 Sampling algorithm for in-context linear regression with binary coefficient

1: Input: token embedding }~1, coefficient sparsity k € [d].

2: Initialize w < 0y4

3: Extract the coefficient w from ﬁ, e, w= (Fl)d+2:2d+1

4: Compute predicted distribution p = ClipNorm(w)

5. Sample k different indices (eq,...,ex) C [d] based on p without replacement
6: Assign we, = 1 for each ey € {e1,--- ,ex}

T

Output: h:= (0,0,w,1)".

Baseline: greedy decoding. In the decoding step, instead of sampling k items based on p as
depicted in Algorithm 2 (Line 5), we opt to choose k items with the highest & probabilities under p
and set the corresponding indices of w to 1. This mirrors the greedy decoding algorithm commonly
used in practice. We denote the resulting prediction after ¢ reasoning steps as threedy.

Majority vote. Utilizing the discrete nature of the coefficients, we apply the Occur(-) function
to candidate answers, selecting the most frequent one as our majority vote (see Definition 3.3). The
prediction after sampling IV reasoning paths of length ¢ is denoted as wit, N™.

Here we present theoretical results for Case Study 1 and 2 in Section 4 and 5 respectively, with
numerical results in Section 6.1.

4 Analysis of In-context Linear Regression with Continuous Coef-
ficient

In this section, we establish the theoretical analysis for Section 3.2. We measure the performance
of any in-context coefficient prediction by its population risk under Dy, i.e., Lp_. (w) := (1/2) -



E(x, ) Dy (¥ — x 'w)?], which is equivalent to consider the following excess risk,

. 1 ,
E(w) = Lp,.(w)—inf Lp_.(w) = =-|w — w*|F,
w’/eR? 2

where H := Ex.p_. [XXT] denotes the population covariance matrix. We denote the collection of
label noise in the in-context data as € := y — Xw*. We also denote the eigenvalues of the population
covariance matrix H as {\;}1<i<4 in a non-increasing order. Our analysis relies on standard
assumptions on the data distribution (Bartlett et al., 2020), which is presented in Assumption D.1
due to space limit. By the same reason, we present our results for a special case of H with
polynomially decaying eigenvalues, and refer to the readers to the expressions of general H in
Appendix C.

Baseline: multi-step GD with CoT. The following result gives the excess risk bound
for transformers implementing vanilla multi-step gradient descent (B.1). This is a corollary of
Theorem C.1 and is proved in Appendix D.2.

Proposition 4.1. Under the same assumptions and setups as in Theorem C.1, by additionally
assuming that the spectrum of H satisfies polynomially decaying, i.e., \; =i~ "tV for some r > 1,
then for any reasoning path length t < n(r +1)TD/2q+1/2 ith probability at least 1 — 1/poly(n),

2 1 T+1 0'2 1

]Ee,w* [g(WGD)] S w” - % + ; . (t’l?) r+1,
Aggregating by ensembling. In this case, the final regression coefficient reasoned by the
transformer test-time computing under the budget of CoT length ¢ and reasoning path number N
is explicitly given by Wayg := N1 - E;\le wzg] ), where each random reasoning path {wy )}1§g§t is
i.i.d. generated according to Definition 3.1 via a transformer satisfying Proposition 3.2 and with
Algorithm 1. The following result gives the excess risk bound for this method with different choices
of the NFT ¢¢. The proof is in Appendix D.4.

Theorem 4.2. Under the same assumptions and setups as in Theorem C.2, additionally assuming
that the spectrum of H satisfies polynomially decaying, i.e., \; = i~ "t for some constant r > 0,
we have the following results.

1. Constant noise transformation function (Example 3.4): taking the reasoning length t < n(r +
D) r+2)/2p 072 it probability at least 1 — 1/poly(n),

1

r+1 0-? 1 ’lgnt
J— —_— . t r+1 7"
tn> AU

n

E [£(wam)]

2. Linear noise transformation function (Example 3.5): taking the noise variance o < d~*, the
reasoning length t > o2 -log 2, with probability at least 1 — 1/poly(n),

1
~_r 2 1—cog2)\ 1 n
E[awwg)mwz.mﬂﬁg.tﬂa;f)) ]

where X := =12t + 02(1 + 2¢71) /(1 — 02)).

Here the expectation is taken with respect to €, w*, and all the sampling noise € across different
reasoning steps and paths. The explicit formula for the functions ¥, and <, are deferred to (C.2)
and (C.3), respectively.
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The above theorem reveals how the prediction accuracy evolves as the reasoning length ¢ and
sample numbers N increase. In particular, we make the following remarks (i) In the above excess
risk, the terms 9, /N and g, /N represent the error from sampling finitely many reasoning paths
N. By taking N large enough (see (C.4) and (C.5) in Corollary C.3), the leading term of the excess
risk would be the first two terms. (ii) By the result for Example 3.4, Algorithm 1 with constant
noise does not provide benefit compared with TF implementing vanilla GD (see Proposition 4.1).
(iii) In contrast, we next show that with linear NFT Algorithm 1 can prevent overfitting to noisy
labels. Considering the following regime of the parameters,

wooe=x1, nxnd, o*=<dl, t=t-o 2 (4.1)

risk bounds for the vanilla multi-step GD and the ensemble method (using linear NFT (Example 3.5))
are as following,

~ 1 __r
Eew+ [E(Wep)] S 7+ - (nd)” 71
Fewe ¢ [E(Wavg)] S (nd) 77, if N > nriid it

Notice that by the conditions in Proposition 4.1 and Theorem 4.2, all the above conclusions hold
when t = ¢-¢0~2 is not exceeding the order of n(r + 1)(r+0/2p (T“)/Q which, under the parameter
regime (4.1), translates to t < d"~1/2, Thus we are able to observe that in the high-dimensional
regime, vanilla GD method has the disadvantage of harmful overfitting to the label noise when the
effective reasoning path length ¢ is increasing, while the sampling-based test-time computing does
not (see details in Remark C.4).

5 Analysis of In-context Sparse Linear Regression in Discrete
Space

In this section, we conduct a theoretical analysis for binary sparse in-context linear regression
(Section 3.3). Our strategy of studying and comparing the test-time computing methods is to analyze
the probability of perfectly recovering the true coefficient, i.e., P(wfreedy = w"*) and P(w}}y = w*).
We use the notation p(w; = w) := P(w; = w | wo, D) to indicate the probability of weight w after
t reasoning steps, conditioning on the initial state wg and the in-context dataset D in a single
reasoning path. We define W = {w | w € {0,1}%, ||w||o = k} and assume z ~ N(0,1;) and label
noise €; ~ N(0, o€?) with o, > 0.

Our first result shows that if in a single reasoning path the prediction w; has a probability of
recovering the truth higher than that of recovering any other coefficient, then majority vote recovers
the truth with a probability converging to 1 exponentially fast. The proof is in Appendix E.1.

Proposition 5.1 (Sample complexity for majority vote). Consider the binary sparse in-context
linear regression task (Section 3.3) and using majority vote with reasoning length T and sampling
number N. The final prediction WiN can asymptotically recover the truth w* with probability 1
given sufficient sample size N if for a single reasoning path

Ap=plwe=w") = max | p(w,=w') > 0. (5-1)

Under condition (5.1), it holds that

P (wiy = w* | wo,D) > 1— |W|-exp (-NA}/2).

11



We remark that similar results of Proposition 5.1 have also been proposed in Wu et al. (2024).
Here, we further provide more detailed analysis for the majority vote in our binary sparse linear
regression task, show its dependence on the in-context example number n, reasoning length ¢,
and compare it with the greedy decoding algorithm to emphasize when it is important to use the
sample-then-select method.

Our main result to this end is the following two theorems. The first result is regarding the
regime where we have sufficiently many in-context data n, with proof in Appendix E.2.

Theorem 5.2 (Perfect recovery probability with sufficient in-context examples). Suppose that
n > (6k + 30.)*, then the overall recovery probability of greedy decoding and magority vote are lower
bounded as following:

e Greedy decoding: for any reasoning length t > 1, P(Wfreedy = W*) >1—0(n)
e Majority vote: for any reasoning length t > 1 and sampling number N > 1, it holds that

P(wiy =w*) > (1—4d(n)) - (1—|W| -e_NA?/z).

Here §(n) = 2d(d + 2) - exp(—c - n'/?) for some absolute constant ¢ > 0, and for any t > 1, A,
satisfies that

Ay

V

Ptrans (1 _ (p - )tfl)
o Dtrans + 1- Precurr reeurE trans ’

where the quantities Prrans, Precurr € (0,1) are defined as

k
—(1_ 2k 4 o 1 —(1_ O¢ . nl/t — o,
Ptrans * n1/4—(2k+05) aF’ Precurr * n1/4_0_6 n1/4—0'6+d0'5 .

Theorem 5.2 establishes lower bounds on the recovery probability for both greedy decoding
and majority vote. The recovery probability improves exponentially with the number of in-
context examples. For majority vote, since 0 < A; < 1 for all t > 1, as with sufficiently many
number of sampling paths (N — o0), we have P(w%‘t‘éo = W*) > 1 — 6, which matches that
greedy
t

of greedy decoding P(w = w*), and both algorithms can achieve perfect accuracy given
sufficient in-context examples n. Moreover, we remark that precurr > Pirans Since it holds that
(n'* — o) (n'/* — o + do.)~! > d~ ! for sufficiently many in-context examples n > (30¢)*. When
o = 0, we have precurr = 1 and prrans > 1/ 2d*, ensuring that A; converges to 1 as t — oc.

The theorem for sufficient in-context data does not highlight the advantage of majority vote
in terms of recovery probability. However, real-world applications and our experiments show that
majority vote is more accurate and robust with limited in-context data. We present our second
main theorem to analyze this scenario, considering the case with only one in-context example (n = 1
and k = 1). Although simplified, this case offers valuable insights into the robustness of majority
vote.

Theorem 5.3 (Majority vote outperforms greedy decoding in the case of limited in-context
examples). Consider the case where n = k = 1,0 = 0, and denote the in-context example as
(x,x"w*). We have the following results.

o Greedy decoding: for any reasoning length t > 1,

P(W%reedy _ W*) <

12
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Figure 2: Numerical experiments on in-context linear regression with continuous coefficients (a-d)
and binary coefficients (e-h).
e Majority vote: there exists a ( > 0 such that for reasoning steps t > 2log2/log(1 — (), sampling

number N > 1,
IP;( mv._ *) >1 1
Win =w') 21— 5.

Theorem 5.3, detailed with proof in Appendix E.3, highlights a key difference between majority
vote and greedy decoding with limited in-context examples. As shown in numerical experiments,
greedy decoding frequently gets stuck in cyclic state transitions, failing to reach the optimal state
w*. In contrast, majority vote explores the state space more effectively, enabling a high probability
of converging to w* even in constrained scenarios, as shown in numerical experiments in Section 6.1.

6 Experiments

6.1 Numerical Results for In-Context Linear Regression

Here, we validate our theoretical findings through numerical experiments. For the continuous case,
we examine the effects of varying o, and . Our results demonstrate that with ensemble aggregation,
constant NFT provides no performance improvement, while linear NFT reduces test loss given
sufficient sample size, confirming Corollary 4.2. Furthermore, when decoding with a reward model,
even constant NFT yields consistent performance improvements as sample numbers increase.

For the binary sparse coefficient case, we observe from Fig 2 (e) that with sufficient examples,
both greedy decoding and majority voting achieve perfect accuracy, supporting Theorem 5.2. From
Fig 2 (f) we find that when setting n = 1 and d = 10, o = 0, with sufficiently large reasoning length
T, majority voting achieves high accuracy, while greedy search maintains approximately 2/d = 0.2
accuracy, consistent with Theorem 5.3. We fit the relationship between accuracy Acc and sample
number N using Acc = ar — Bre TV for given T. The results, shown in Fig 2 (g) and (h), not
only validate Theorem 5.1 but also suggest practical applications for real-world LLM inference.

6.2 Insights for LLM Inference

Our theoretical analysis reveals two critical terms O(e~27N/2) and O(e=#T) for the overall accuracy
Acc(T, N) and probability gap Ap. These findings can provide valuable insights into real-world
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Figure 3: Utilizing data with low computational costs to forecast results for high computational
costs, where % denotes predicted results and @ denotes the data utilized.

LLM inference.
To begin, we can observe that Ay changes with the number of reasoning steps 7' in O(e #1).
This can be described as:

Ap ~~y— ke M, (6.1)

Specifically, for sampling number of N = 1, here we assume we can directly express the overall
accuracy as :

Acc(T,1) =~ — ke T, (6.2)

Note that Eq (6.2) and (6.1) shares the same . To predict the final accuracy for a given sampling
number N, here we introduce two additional parameters (o (r, ny, B(r,n)) and formulate Acc(T, N)
as:

Acc(T,N) = ap Ny — B(T7N)6_A2TN/2. (6.3)

To effectively fit Eq (6.1) - (6.3), based on the results on Fig 2 (g) and (h), we further claim two
conjectures:
e When T is fixed, then Eq 6.3 can be approximated by:

Acc(T,N) = ap — Bre2iN/2,
e When N is fixed, then Eq 6.3 can be approximated by:
Acc(T,N) = an — BNe_NTN/z.

This analysis enables us to predict model’s high test-time computation performance using data
from low-computation, resulting our Low-Cost-to-High Prediction Algorithm 3, we validate our
algorithm on GSM8K (Cobbe et al., 2021) and a subset of MATH (Hendrycks et al., 2021), details
can be found in Appendix A. Fig 3 demonstrates that our algorithm successfully predicts model
performance at high computational costs using only data from settings with relatively low reasoning
tokens 71" or sampling numbers N.
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7 Conclusions and Limitations

This paper makes the initial step toward bridging the gap between practical language model test-
time computing techniques with sampling and theoretical transformer analysis by incorporating
randomness into the decoding process. We study the task of in-context linear regression with
continuous/binary coefficients and provide a detailed analysis of widely adopted inference techniques,
offering new insights into inference behaviors in real-world language models. Potential future works
include analyzing other types of sampling algorithms and reasoning methods. Also it remains open
to rigorously analyze the benefits of BoN method and its variants (with respect to different reward
models) that we experimentally verified to be effective.
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A Experiment Details

A.1 Experiment Settings

Details for Figure 1: We evaluate real-world LLM using the GSM8K dataset (Cobbe et al., 2021),
employing SGLang (Zheng et al., 2024) as our inference framework; and use synthetic data with our
theoretical framework to simulate practical decoding procedures. The experimental configurations
are as follows:

e LLM Performance on GSM8K with Varying Sample Number: We employ Llamag.1-
8b (Dubey et al., 2024) with an 8-shot chain-of-thought prompt following (Wei et al., 2022).
For each question, we generate 256 potential answers using decoding temperature of 1.0. We
implement an oracle reward model that perfectly validates answer correctness, and set the
temperature to 0.0 for greedy search.

e LLM Performance on GSM8K with Varying Reasoning Lengths: Using Llama3.1-
8b-instruct, we analyze performance across different reasoning lengths, defined as the token
consumption per inference call. Following (Zhang and Chen, 2024), we incorporate token
budgets into the prompts to constrain the model’s responses. For each prompt, we generate
64 potential answers and create 10 random permutations of these answers. We define the
reasoning length T as the sum of token consumption across all prompts, and for multiple
samples (IV > 1), we average the token counts over N. The accuracy-tokens curves are plotted
using transparent scattered points for individual permutations and fitted with trend lines.
The prompt templates are provided in F.

e IC-Linear Regression with Continuous Coefficients: We configure the parameters as
n=236,d="72,n=1x1073,02 = 1,02 = 4, and present results at gradient descent iterations
t = 950.

e IC-Linear Regression with Binary Coefficients: We set the parameters ton =4,k =

1,d=48,n= 1,02 = 0.25.

Details for Figure 2: we conduct numerical experiments on in-context linear regression with
continuous coefficients (above a-d) and binary coefficients (below e-h), each setting we repeat 5
times, details are as follows:

e Continuous case: we set the parameters to d = 72,n = 36,7 = 1073, and present results at
gradient descent iterations ¢ = 950.

e Binary case: In Figure 2 (e): we set n =40,k =2,d = 30,7 = 4—10,06 = 0.1; in (f): we set

n=1k=1,d=10,n=1,0=0;1in (g): weset n=1,k=1,d=2,7= 1,0 = 0.1; in (h):
weset n=>5k=1,d=10,n=1,0,=0.1.

e Fitting accuracy with varying reasoning length T for N = 1, we fit the curve with
Ace(T,1) = a; — fre T,

for N > 1, we first approximate Ar ~ Acc(T,1) ~ a3 — Bie T, where (ay,1,v1) are
obtained in case N = 1, then fit curve with

Acc(T,N) = an — Bne HNAT
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Details for Figure 3: We conduct experiments using GSM8K and a curated subset of the MATH
dataset (Hendrycks et al., 2021), details are as follows:

e MATH Dataset Subset: We filter the MATH to extract problems at level 1 with integer
answers, yielding a subset of 309 problems.

e We maintain consistent experimental settings with the GSM8K reasoning length evaluation as

in Figure 1, utilizing Llama3.1-8b-instruct with a decoding temperature of 1.0. To facilitate
1 _ T

the fitting process in Algorithm 3, we apply a scaling factor of 155 to the token count, T = 105+

A.2 Low-Cost-to-High Prediction algorithm

Algorithm 3 Low-Cost-to-High Prediction algorithm

Part 1: Obtain (v, k, ) in Eq 6.1

. Input: Data at varying cost {Acc®) (T}, N;)},T; € T, N; € N(©);
(v, K, p) + Fit Bq 6.2 with {Acc® (T}, 1)}

(ary, Bry, Ar,) < Fit Eq 6.2 with {Acc(®) (T3, N;)}

(ary, Bry, Ary) < Fit Eq 6.2 with {Acc(®)(Ty, N;j)}

(77 E) « Fit Eq 6.1 with {(ATDHU’)? (ATU:U’)}

: Return (v, %, p)

IR ANl >

Part 2: Predict accuracy with (v, , 1) and low cost data
1: Input: (7, k,u) in Eq 6.1,Dy = {Acc® (T}, N), Acc(®)(Ty, N)};
2 Ap, v —re Ml =12 {//Eq 6.1}
3: (o, By) < Fit Eq 6.2 with two data points: {(Accl®)(T1, N), Pp,), (Acc® (Ty, N), Pp,)}
4: Use Eq 6.1,Eq 6.2 with obtained (v, k, 1) and (ay, Sn) to predict data with varying 7.

The core ideal of Algorithm 3 is to first determine (7, k, 1) in Equation 6.1. Subsequently, we can
compute A7 and Equation 6.2 using two additional parameters oy, By, obtainable from only two
data points. Notably, since we use Acc(®) (T, Nj;) and Acc(®)(T, Nj;) during the initial parameter
estimation (Algorithm 3 Part 1, lines 3-4), no additional data is required for subsequent predictions
in part 2.

B Proofs for Section 3

B.1 Proof of Proposition 3.2

Proof of Proposition 3.2. The proof is based on the proof of Theorem 3.2 of Huang et al. (2025).
We take the desired parameter Ogp = {Vgp, Wep} as following,

0 0 0O 0 0I, O
0 0 0O 00 0 -1
Voo = —n-I; 0 0 0]’ Wo =140 0 0]
0 0 0O 00 0 O
Then one can check that when inputting Hy in the form of
H[ o 0 . 0 wo v Wy )
0O --- 0 1 ... 1
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the output embedding of the transformer at the last token is given by

(Hy). 1 = . Wp=Wy— g X T (Xwy — ).

4

»—AQ?OO

Thus if we take the sampling algorithm Sampling Alg(-) satisfying the form of
Sampling Alg(h) = do(-) ® do(-) ® p (:|(h)gy2:2d41) ® 01(+),
for some conditional distribution p : R — P(R?), then the embedding of the next token would be
0
hyp = VSZ y Wep1~p ( ‘Wé - % : XT(X‘W —Y)) )
1

by Definition 3.1. Iterating the above argument from ¢ = 0 to t — 1 completes the proof of
Proposition 3.2. O

B.2 Special Case: Vanilla Multi-step Grandient Descent with CoT

One special case of Proposition 3.2 is a transformer that explicitly performs standard multi-step
gradient descent (GD) (Huang et al., 2025), i.e., p(-|x) = d,(+), so that the final prediction of the
regression coeflicient after ¢ reasoning steps is given by

t
wep = (Hi)ar2:2a41,n4¢ = (Id - (Id - % : XTX) ) X'(xx"hly. (B.1)

We note that Huang et al. (2025) considers transformer CoT reasoning for in-context-linear regression
with noiseless labels, but here we allow the existence of label noise.

C Theoretical Analysis in Section 4 Continued

Theorem C.1 (Excess risk of vanilla multi-step GD with CoT: general covariance matrix). Under
Assumption D.1, taking the step size n < ||HH271 and CoT length t, with probability at least
1 —1/poly(n), it holds that

XZ 1 k* n
2 2 2
Eew [E(Wep)] S w - <n2 ) Tt ) )\i) +o?. (n T ) )\i>,

1<i<k* ' k*<i<d k*<i<d

where the quantities are as follows

* Pp— 3 . n . Y D n .
k* = min {k : nA\gq < i + Z AN} A= i + Z i (C.1)
k<i<d k*<i<d
Proof of Theorem C.1. Please refer to Appendix D.1 for a proof of Theorem C.1. O

Theorem C.2 (Excess risk of noisy multi-step noisy GD with CoT and ensembling). Under
Assumption D.1, taking the step size n < HH||2_1 and CoT length t, we have the following risk bounds
for Wayg.
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1. Constant noise transformation function (Example 3.4): with probability at least 1 — 1/poly(n),

22 1 )
2 n,t
Eew [€(wep)] < w (n >t 2 Ai>+

1<i<k* ' k*<i<d

where the quantities k* and X are defined as the same as (C.1), and ¥y is defined as

by im 0. <t_ WH)vlog(poly(n» +1>’ ©2)

n n
with r(H) = Tr(H)/||H||2 being the effective rank of H.

2. Linear noise transformation function (Example 3.5): taking the noise variance o < d=' and the
reasoning path length t > o~2 -log 2, with probability at least 1 — 1/poly(n),

Eew ¢ [£(Wavg)] S w?- (XBiaS)Q-Z i+z A ) o2 (B2 PR
e el n? Ai e\ (Ve )N

lgigkgias kgias<i§d k{;ar<igd

where the quantities XBiaS, Xvar, kfiass and kS, are defined as following respectively,

ki) -= min {k € d) Akt < Mgy + > /\} A= + ST N, for (O) € {Bias, Var},
k<i<d k*<i<d

11 Y Bias 3 Var
with Mg, and A& . defined as,

~Bi n (2 o2 2 ~ a’n
)\Blas — .z 1 “ )\Var —
effect n (t + 1 — g2 < + t>> ’ effect (1 _0_2)777

and the quantity ¢,, s given by

2
L UUed 2
Gp 1= ( o Tr(H) + w > - [[H|2. (C.3)
Proof of Theorem C.2. Please refer to Appendix D.3 for a proof of Theorem C.2. 0

Corollary C.3 (Theorem 4.2 restated). Under the same assumptions and setups as in Theorem C.2,
additionally assuming that the spectrum of H satisfies polynomially decaying, i.e., \; = i~ "t for
some constant r > 0, we have the following results.

1. Constant noise transformation function (Example 3.4): taking the reasoning path length t <
n(r 4+ D)0H22000/2 and the sampling path number
-1
) (G.4)

NN (02 . (t, \/T<H> Vioalpoly(n) | ;)) | <w2 | (;ﬁ) = o

then with probability at least 1 — 1/poly(n),

1\ o2 1
B [ewme)] $7 (1) + % ().



2. Linear noise transformation function (Example 3.5): taking the noise variance o < d~*, the
reasoning path length =2 -log2 < t, and the sampling path number

T 1
2d- Tr(H 2 = 2 (1 — g2)\ T
NN (w2 10 PN o (2 (e YT o (=)
no? n-(1—02) n o?

-1
2 1 — 2
= <w2 + % : nd2> : <w2 : (nd) + 2. (nd)fl) (C.5)

then with probability at least 1 — 1/poly(n),

-1

Q

Nt 2 1—02)\
E [£(Wavg)] S w? AT +%. <77(0)> |

where X := =12t + 02(1 + 2t71) /(1 — 02)).

Here the expectation is taken with respect to €, w*, and the sampling noise £ across different
reasoning steps and paths.

Remark C.4. Under the parameter regime of (4.1), i.e.,
wx1, ocx1, nxnd, o°>=<d?,

we can obtain further simplifications of the above result. Concretely, for the linear NFT setup, the
number of sample paths needed is given by

r\ -1
1 r+1 r
N> Ny (w2 + o). (w o) (o) ) -
Ui
and the excess risk bound is explicitly calculated by

]EG:W*{ [g(wavg,linear)] S_, (LOQ + 0'62) . (nd)_?rl = d_ﬁ

In contrast, we can also calculate that the risk bounds for either GD or ensemble with constant NFT
1s then given by

T ~ 1 r

rwlLl . (UJQ + 062) . (fr)d)i'rufl = t’r 1. di'r#»l'

Ee,w* [E(WGD)] 7E€,W*,£ [g(wavg,const)} S t

where t = 02 - t is the scaled reasoning length, satisfying t < d"=1/2,

D Proofs for In-context Linear Regression with Continuous Coef-
ficient (Section 4)

We denote the sample covariance matrix of the in-context data as ¥ := n !X TX € R¥? and
we define the gram matrix of the in-context data as A := XX € R™”. Our results in this
section depend on the following standard technical assumptions on the in-context data and task
distributions.

Assumption D.1 (Data distribution). We assume the following on the in-context data distribution
D= :
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1. The columns of H™'/2x are independent and 1-subGaussian;

2. The labels are generated according to y = x' w* + ¢, where the label noise € is independent of x

and satisfies E[e] = 0 and E[e?] = 02 for some constant o > 0;

3. The true coefficient w* follows the Gaussian prior, i.e., w* ~ N(0,w? - 1) for some constant
w > 0.

D.1 Proof of Theorem C.1

Proof of Theorem C.1. This follows from the same arguments as in the proof of Theorem 4.3 in
Zou et al. (2022). We refer the readers to their proofs for seek of simplicity. O

D.2 Proof of Proposition 4.1

Proof of Proposition 4.1. As a special case of Theorem C.1, we begin by figuring out the optimal
index k*. We are going to prove that under the conditions in Proposition 4.1, the optimal index is
given by

k* = ()71 — 1.

Notice that here without loss of generality we assume that the above quantity is an integer since
otherwise we can twist 1 (which is continuous) a little bit to make it an integer. And also we notice
that the above £* < d due to our condition on ¢ in Proposition 4.1. To prove this, it suffices to
check that the above k* is the smallest one satisfying the constraint in (C.1). To show it satisfies
the constraint, consider

n n n

~

To show that it is the smallest one satisfying the constraint, let’s consider the other side of the
inequality for £* — 1. We have the following calculations. On the one hand, we have

n n 1

n 1\ 71
" ((nt)ﬁ - 1>T+1 i (1 —~ (?775)‘&1)7’+1 =3 <1+ e <77t) ) B

where the last inequality follows using log(1 + z) < x and exp(z) > 1 4 z to obtain the following

argument

1
(1 Gy )™

= exp (=(r+ Dlog (1= () 77 ) ) > exp ((r+ D)) 77) = 1+ (r+ 1) (t) 77

On the other hand, we have that

n n 1 n 1 n =)
s 2. Ais gt > ,ﬁ+1§,7t+1r§nt+<nt> . (D2)
k*—1<i<d i>k*—1 ((nt) T+ — 1)

Now to see that k* — 1 does not satisfies the constraint, in view of (D.1) and (D.2), it boils down to

show that
1 T
n 1 r+1 n 1 r+1
|1 1). [ — > =
nt ( sy (nt> )nt+<nt> ’
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r+1

which is equivalent to restricting the reasoning path length ¢ satisfying ¢t < n- (r + l)% ‘nz .
According to our condition on the reasoning path length ¢ in Proposition 4.1, this requirement does
hold, and thus £* —1 does not satisfy the constraint. Therefore we have proved that £* = (nt)$ -1

With the k£* in hand, we can then follow the same arguments as in the proof of Corollary 4.5 in
Zou et al. (2022) to obtain the final result. This completes the proof of Proposition 4.1. O

D.3 Proof of Theorem C.2
D.3.1 Proof for Example 3.4

Proof of Theorem C.2 for Example 3.4. Under this setting, each reasoning path is generated though
the following iteration:

wi), = wi) % XT(Xw — y) + €0

Based on this, we define the expected path wf P(1X.Y) and the fluctuation Agj ) iteratively as

GD(n; X,y a(nXy) _ NxTix mX,
WX,
A(J)l ng) Wl (m:X.y)

= (- n2)af + ¢,

By this characterization, we see that {Agj )}jg N~ is a sequence of iid zero-mean random variable
for fixed ¢. This expectation-fluctuation decomposition allows us to recast the risk of the sample
averaged output as

av X, —
E(W8) = E(wP Yy L NTIE[| A1) (D.3)

In Theorem C.1, we have characterized the average-case risk of the gradient descent, therefore it
suffices to study the fluctuation of a single reasoning path. In the sequel, we drop the superscript j
for simplicity. Define S; = E[A;A/ ], then we have that

Si1=1-nE)Si(I-1%)" +0°1
¢

=> I -n%)¥,

7=0

where the last identity holds because of the deterministic initialization Sg = 0. Now we have that

E[|AY14] = (81, %) + |(S;, H— &)
t—1
< Tr (202(1—772)23'2) +Tr(Sy) - |H - 2s. (D.4)
j=0

For the first term above, we have that Z;ZO(l — A%\ < 1/n for A € [0,1/n]. For the second term
, we have by Koltchinskii and Lounici (2017, Theorem 9) that there exists an event with probability
1 — J over the randomness of X, on which it holds that

H-S|) < \/T‘(H) Vlog(1/4)

n

i
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where r(H) = Tr(H)/||HJ|2 is the effective rank of H. And we have the trivial upper bound that
Tr(S;) < 0%d - t. Plugging them into (D.3) and (D.4), we get that

E(wiE) < E(wiPY)) L NTY(S,, H)

. 2d H)Vviog(1/6) 1

This concludes the proof of the theorem. ]

D.3.2 Proof for Example 3.5

Now we give the proof of Theorem C.2 for Example 3.5. The proof relies on the following key
lemmas.

Lemma D.2 (Error decomposition). The difference between Wayg and the true coefficient w* can
be decomposed as following,

HwaVg —w* Hil < Bias + Variance + Fluctuation,

where each of the three terms are defined as following,

2
N
2 2 1 .
Bias :— H XTG X -1 H , | :HXTGr1 H . Fluctuation = | — S~ AU (D.
ias ( 4)W . Variance €l uctuation N; 5)
- H

with the matrix G € R™™ and the vectors {A J)} *, defined as following,

2 -1

G::(ui;)n-ln+A)<In—(1—U) (I —% A)) , (D.6)
t—1 k—1
AP=3 (H (T = &7,€7) ") (1a - nz>> (la— € &”0") Xy

k=0 \/4=0

t—1
=Y (=) L -nm)" - L Xy,
0

b
Il

Proof of Lemma D.2. By definition, the output way, is defined as

1oL
Wavg 1= 22 0w, (D.7)
j=1
where for each j € [N], the coefficient WE D s given by
w) = (H (= €€ T) (T - n2>> (- &2 €207) - - XTy

=0

— k+1 k
D +3 (- —gx) L x Ty

k=0 n

=Wt
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Now we decompose the difference between waye in (D.7) and the truth w* as following, considering
N0 wr s LS A0
Wavg — W —NZwt w'=w; — W —i—NZA , (D.8)
j=1 j=1
where the difference w; — w* can be further explicitly expanded as

wy —w' = (1—02)k+1(1d—n2)k- Xy —w

I
—~
—_
Q
no
SN—
E
+
—
—~
-
|
=
[\
~—
B
|3

m -XT(WW*-FE) —w*

0 X TXw* — w*
n

+ (=0 (Li— (1= (- n%)") (*La+ (1 - 02)772)*1 1 XTXe

- (XTG—lx - Id) W'+ XTG e, (D.9)
where the last equality uses the definition of the matrix G in (D.6) and the fact that
~1
(= (1= ) (1 =n®)") (o™ + (1= o)) X

=xT (In — (1 — 02)t (Id — nA>t> (021n + (1 — 02)77A)71.

n

Finally, by combining (D.8) and (D.9), we can arrive at
2
1 s
[Wavg — W* H; = (XTG_lX — Id> w* + X G le+ N Z AU)|| < Bias + Variance + Fluctuation.
i=1 -

This completes the proof of Lemma D.2. O

Lemma D.3. The matriz G satisfies the that for any CoT length t > o2 -log 2, it holds that
2

o‘n n 2 o2 2

Proof of Lemma D.3. 1t is direct from the definition of G in (D.6) to see the left side of the inequality.
To prove the right side of the inequality, consider that by (D.6), we have the following,

G- <(1i2:2)n-1n+A> (D.10)

2 -1

= (- (T T A) (1 2a) () (- a))

To proceed, it suffices to consider the real-valued single-variable function f defined as

(n (1 - 02)_1n02 +z)-(1- n_lnx)t'

fle) = 1— (1 — 02)t . (1 — nflnx)t
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On the one hand, for t > 072 - log 2, we have t > —log2/log(1 — 02)(1 — n~!nz), and thus
1-(1-0)" (1-n"tpz)’ > = (D.11)

On the other hand, by direct calculations we can see that the numerator is upper bounded by

(T A 12

Consequently, by combining (D.11) and (D.12), we can see that for ¢t > 02 - log 2,

2 n o?
f(x)ﬁt'n'( +1>,

which, combined with (D.10), further indicates that

a’n 2 n o?
G-|—% L,+A) = —. 1)-A.
((1—02)n nt )‘t 1 (1—02+>
This completes the proof of the right side inequality of Lemma D.3 and finishes the proof. O

Lemma D.4 (Bias error). Under Assumption D.1, taking the step size n < Tr(H)™! and for any
k € [d], with probability at least 1 — 1/poly(n), it holds that

2

1 n (2 o? 2 1
Ew+[Bias]| <w? | = [ —=- (= R O P I il ;
pins] S | - |2 (t+1_02 <+t>)+2)\ > LY

k<i<d 1<i<k *' k<i<d

Proof of Lemma D.J. According to the definition of Bias in (D.5), using that w* ~ A (0,w? - 1) we

have
2
i
— - Tr (H(L - X G7'X)%)

2
2 2 2 !
< T [H(L-X" (2. (242 _(142))-1,+A) x| |,
n \t 1-o02 t

where the last inequality follows from Lemma D.3. Notice that the quantity of trace on the right
hand side actually corresponds to the bias error of the standard ridge regression with regularization

coeflicient Acfrect Of
2
TBias . " (2 o 2
Aeffact = 5 . <t + 1,2 <1+ t)) .

Thus by invoking Theorem 1 of Tsigler and Bartlett (2023), we can then obtain the result in
Lemma D.4. 0

Ev-[Bias] = By pr(0.02.1,) [HH§ (I - X G X)w*

Lemma D.5 (Variance error). Under Assumption D.1, taking the step size n < Tr(H)™! and for
any k € [d], with probability at least 1 — 1/poly(n), it holds that

2
. k a’n
EE [Varlance] SJ 062 . E +n- m —+ Z )\’L . Z )\7,2
k<i<d k<i<d
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Proof of Lemma D.5. According to the definition of Bias in (D.5), using that ¢; ~ N(0,02) we have

L 2
Ee [Variance] = E. zr(0,02.1,) [HH2XTG16HJ

2 Ty (XHXTG*)

2 —2
<o Tr (XHX" (22 1, +A
(1 =0

Similar to the proof of Lemma D.4, the above quantity on the right hand side actually corresponds
to the variance error of standard ridge regression with regularization coefficient Aefrect Of

0'27’L

XVar )
_ 0-2)77

effect *= (1

Consequently, by Theorem 1 of Tsigler and Bartlett (2023), we can obtain the result in Lemma D.5.
O

Lemma D.6 (Fluctuation error). Suppose that we choose o? < 1/(d + 1) and the step size
n < Tr(H)~L. Then there exists an event with probability 1 — 1/poly(n) over the randomness of X
on which it holds that

no—*old- Tr(H)/n +w?) - [H]

Ew= ¢ e[Fluctuation] < ( ~

Proof of Lemma D.6. In the proof, we replace the notation AY) with A{ to emphasize the depen-
dence on the reasoning step. From the characterization in Lemma D.2, we have for each path and
its expectation over £, it holds that

. . N T .
wiy = (1 - €26, A - nZ)(w +nXTy/n)
. . N T .
= (1= 0% @=n=)(w +nXy/n) + 0% (T- 072 e) ) (wi +nX Ty /n)
Wit = (1 —0?)(I—nZ)(w; + X y/n). (D.13)

Since there exists an event with probability 1 — 1/poly(n) on which Tr(X) 2 Tr(H), we have that
n < 1/ Tr(X) with high probability. In order to control the fluctuation error, we begin with deriving
a deterministic upper bound on wy.

Bounding the expected path. By (D.13), the quantity g; = w; + 17X "y can be iteratively
characterized as follows:

g1 = (1—0?)(I-nZ)g +nX y/n

(1-— 02)k(1 — nE)anTy/n

I
Mﬁ

0

=~
=

(I- 0L — 9= +no?S)rnEw

=
Il
o

t
+ Z (I- oI — = +no?)nXTe/n,
k=0
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To this end, we define p(z) = 325 _(1 — 0% — 2 + 0%2)*. We can bound the scalar polynomials p(z),
p(2) -z and p*(2) -z on [0,1) as

1
p(2) < m§
p(z) 2z < m < (0722 A1, (D.14)
P2(z) -2 < : S S (@) Azt (D.15)

(02 + (1 —0?)z)
We begin with the first term. It follows from (D.14) that

lp(12) - 0=z < (072 7] S2) A1
Therefore the first term can be upper bounded by ((o?1||%|[2) A1) - [w*|]2. For the second term,
we have that

t

2 2
> (- T-T no?E) uX e/n|| | = T (prZ) 0B p(rE) ).
n
k=0

EE[

And therefore we have by (D.15) that

N

noe - *
Ee,w*[iggllgt!@} S o T (D) + (LAl =l2) w3

n
2
Nnoe —
< Mo (3) + w3
Bounding the fluctuation. In the following, we use Agj ) = (I- _2£t +1£t Y1 ) for abbreviation.
The fluctuation term Agj ) follows that
Agi)l = Wg—)l — Wit
=(1-0%) - T-9%)-AY 402 AP - (W) + X Ty). (D.16)

()

For each t, we have that A(] ) is independent with wt and is of zero mean. Consequently we have

that E[A( )] = 0 for any ¢t > 0. Besides, it can be easily verified by induction that A(] ) ,J < N are
independent and identically distributed. Thanks to this, we have that

-1 DOI*T = 2 (k)
E[HN > A HH] —E[N" Z AP ' HAY + N2 AP HA| ]
JEN J<k
=N~ <H,E[A§j> AV, (D.17)
Therefore, it suffices to upper bound the second moment of the fluctuation along a single reasoning

path. For simplicity, let us drop the superscript (j) in the subsequent analysis. We study the
iteration of the second moment S; = E[A;A,']. Rewriting (D.16), we get that

Appr=(1- 02) (I—=n3)A + oAy
+ %A - (wi + X Ty).
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Note that A; and A; are zero mean and independent, we have that

Sit1=(1-0°)% (I-nZ)S(I-n%)
+ ot E[AAA] A+ ohn? - E[Awiw, A
=(1-0*)?% I -nZ)SiI- %)
+ 0 (Tr(S)I + diag(8y)) + o* - ( Tr(geg, )1 + diag(g:g; ).

Here the second identity follows from Lemma D.7 and g; = w; +7X "y. The structure of this
iteration has two folds. The first part is that the gradient step, together with the average effect of
the noise term, help to decay the second moment of the fluctuation. The second part is that the
noise term re-allocate the fluctuation in the last step to the current step in an isotropic manner.
Since Tr(A) prevails over diag(A), we can continue as

Tr(S1) < (1 0%)? - [T=nZ[3Te(Se) + o™ (d+ 1) - (Te(Se) + Tr(gegy )

< (=02 L= nZIB + oM d+1)) - Te(Se) + o (d+ D max i3 (D.18)

Based on our assumption that o2 < (d + 1)~!, it holds by the convexity of the quadratic function
that

(1-—02)? JI=nZ|3+od+1) < (1-02)?+0*d+1)

Plugging this back to (D.18), we have that

ol (d+1) - maxeso [|ge][3

Tr (S <
") S T e TS - o (A )
(d+1)%02 2
< -7 . .
< d I?;g”gt\b

Now we can leverage (D.17) and get that

Foe[ |5 529 < e V05010

(d+1)%0* (no? *
S T (T o T (E) + B Iw3)) - IEHL

_ (no~%02d - Tr (H)/n +w?) - |H]
~ N °

The last inequality use that Tr(X) < Tr(H) with high probability. This concludes the proof for the
fluctuation error. O

Now with the above lemmas, we are ready to conclude and prove Theorem C.2 for Example 3.5.

Proof of Theorem C.2 for Example 3.5. Combining Lemma D.2, Lemma D.4, Lemma D.5, and
Lemma D.6 gives the desired result. O
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D.4 Proof of Theorem 4.2
D.4.1 Proof for Example 3.4
Proof of Theorem 4.2 for Example 3.4. This follows directly from Theorem C.2 for Example 3.4
and the proof of Proposition 4.1. O
D.4.2 Proof for Example 3.5

Proof of Theorem 4.2 for Example 3.5. This follows from Theorem C.2 for Example 3.5, and re-
peating the proof of Proposition 4.2 for kg;, . and Sy, in Theorem C.2. O

Bias

D.5 Technical Results

Lemma D.7. For any deterministic matriz A € R¥™? and & ~ N'(04,1y), it holds that
E[(T-£6")AI - &) = Tr(A)Ly + diag(A),
where (diag(A));; = dij - Aij and &5 is the Kronecker delta.

Proof of Lemma D.7. Note that the (i, j)-entry of T — €€ is 0i; — &&;. First of all, it is clear that
whenever |{3,j}\ {k,1}| > 1 or [{k,{}\ {i,j}| <1, we have that E[(0;; — &&;) - (6 — &k&1)] = 0. So
the only non-trivial cases are that: (i) i = j = k = {; (ii) {4,j} = {k,(} and i # j. For the first
case, we have that E[(6;; — &&;) - (0r — &&)] = E[(&:€5)%] = 1. For the second case, we have that
E[(1-¢&)°] =E[¢]] — E[¢]* = 2.

Given this we have for ¢ # j that

d
E[AAA]i; =E[>  ApApA,] =0,
k=1
because each summand is zero since ¢ # j. For the diagonal terms, we have that

d
E[AAA}; =E[ > AipAnAy
k=1

d
= B> AirApcAri]
k=1

= E[Z A A Agi] + E[A Agi A
kot
= Tr(A) + Ay

Thus the desired result follows. O

E Proofs for Section 5

Notation We let [n] denote the set of indices from 1 to n. Boldface uppercase letters such as
X represent matrices, while boldface lowercase letters such as x denote vectors. Specifically, x[i]
denotes the i-th element of x.
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E.1 Proof of Theorem 5.1

Proof of Proposition 5.1. Considering that we sample N different w; from the distribution {p(w; =

W) }wew to obtain W = {WEI), e ,ng)}. Let Count(w) represent the frequency of occurrence of
w in W. For each w' € W\ {w*}, we upper bound the probability of Count(w’) > Count(w™).

To this end, we define N random variables a1, -- ,ay such that a; = 1 if wt(z) =w* a; = —1if
wgl) =w/, and a; = 0 otherwise. This leads to the following bound,

N

P(Count(w’) > Count(w*) | wo, D) <P (Z a; <0 WO,D> < exp <— (p(wy = w*) — p(wy = w'))
i=1

where the last inequality is due to Hoeffding’s inequality. Then

Z P(wiy =w' [ wg, D) < Z P(Count(w’) > Count(w*) | wo, D)
w/ eW\{w*} w/ eW\{w*}

< > oY v w)?)

w/eW\{w*}
N
< WA e (- - a2))

where the final inequality is based on the definition of A; = p(w*) — max p(w’). Consequently,

w/ eW\{w*}
mv * mv / N 9
P(wiy =w" [wo, D) > 1~ Z P(wiy =w' [ wo,D) >1—|W|-exp —E-At :
w/ eW\{w*}
This completes the proof of Proposition 5.1. 0

E.2 Proof of Theorem 5.2

Here, we first establish bounds for each element in w; in Theorem E.1. Next, in Theorem E.2, we
prove wr will converge to w* for both greedy decoding and majority vote algorithm. Lastly, in
Theorem E.3, we demonstrate the convergence rate for greedy decoding as shown in Theorem 5.2.
Lemma E.1. Given wy = wy_1 — % (XXTWt_l — XYT), where Y = w*X + ¢, We define & as
follows:

*T[ - Qk + O¢ ~ . P 2k + O¢
gl _ w [Z]—FWEV\Q[@]_W [Z]— n1/4 s
. % wr- O¢ ~ 7. - O¢ ’
specifically when wy_1 = w*, w*[i] + Yz, > wy[i] > wi] — Y0
then &1 holds with probability at least 1 — §, where § = 2 (d2 + 2d) e—ent’?
Proof.
- L1 . 1
wyli] = wy_q[i] — " Z (Ijil'jlwtfl[l] — X THW ) + n Z Tji€;
j€nll€(d] j€(n]
L1 . .o 1 N 1
= wiali] = — (W [i] = W) D0 afi = D (Wil = wIll) Y (i) o Y e
J€[n] le(d]l#i J€[n] J€ln]
—— —_————
Ai Bil
L1 . ol 1 % 1
= wioa[i] =~ (wi[i] - wli]) A; — > (wea[l] - w[l]) By + - > i
le[d),I#i J€E[n]
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Since x;; ~ N (0,1) for any i, j, by Lemma 2.7.7 and Bernstein’s inequality in Vershynin (2018),
there exists an absolute constant ¢; such that

t? ¢
P{\iji:rjl\ <t} <2exp (—cl min ( —— 5 T )),

P Zj Hxﬂx]lei max; [|2;iji|y,

where ||.||y, denotes to the sub-exponential norm. Besides, ||z;;zilly;, < ||Zjillys - [|Tjkllw, < C3

with the last inequality derived from the properties of the Gaussian distribution, where C] is a
constant. Furthermore, we have:

) 2t

Similarly we have

t3 t
P ziie| <to} < 2exp [ —comin | —2—, ——.
15 sl < <20 (-ovmin (. 2

For A; =>". e :L‘]Z, since l‘J — 1 are sub-exponential and mean zero random variables, we can
directly apply Bernstein’s inequality to obtain:

. 3 i3
P{|A; —n| <t3} <2exp <—C3 min <nC§“ C§>>

min(cy,c2,c3)
max(C},C3,C4,C3,C3,C3)’
Theorem E.2, Theorem E.2, Theorem E.2 for all 4,1 € [d], we establish that

By setting t1 = t3 = n3/4,752 = 05n3/47 c =

and applying the derived

|By| < n®/* Vi, 1 € [d);
] Z zji€;| < U€n3/4 Vi € [d];
J€n]

|A; —n| < n®/ Vi € [d],

holds with a probability of at least 1 — 2 (d2 + 2d) e—ent/?, Hereafter, we condition on Theorem E.2.
By combining Theorem E.2 with Theorem E.2, the following equation is obtained:

%MZWFm%f3MAM—wWD&—% S el =Wl Ba+ 3 e

le[d) 1#i j€ln]
O¢
SW 1/4Z‘Wt1 [l]|+m
leld]
.r - 2k + o
<w [Z] + W,
the final inequality is by ||w¢|lo = k(¢ > 1) and ||wo||o = 0. Similarly we have.
weli] > Wi 1/42’“” 1] = wr] n1/4
le[d]
i 2k + o
> wi] - nl/4

Specifically, when w;_1 = w*,

171 2 Wl > Wi -

Wl + nl/4a = = oL/
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Without loss of generality, in the following we assume the first k elements of w* are 1, and
others are 0. We define C(™ as the set of all possible permutations for [m].

Lemma E.2 (Perfect Accuracy for Both Greedy Decoding and Majority Vote). Given wy =
Wi 1 — % (XXth_l — XYT), where Y = w*X + €, suppose E1 holds, 25?/26 < % and sampling
number N 1is sufficient large, then for all t > 1, we have

j-N d
wiT = weT = w,

Proof. Given that & holds, for ¢ > 1:

ni/4

Wwili] < 2ee < 1/2 k<i<d

nl/a

{Wt[i] >1—2ktee 5 1/9 i<k

In this case we observe that wy[i] > Wwy[j] for all i < k and k < i < d. Without loss of generality,
we further assume

Wi[l] > Wi [2] > oo > Wylk] > Wik + 1] > Wylk + 2] > - > Wyd].

;] — _ max(0,Wy)
For pw,[i] = ST max(07)’ we also have
pv?/t[l] > pVVt[Q] > 2 th[k] > sz[k + 1] > th[k+ 2] > 2 PWt[d]-
Then for w’ € W)w= where the index of nonzero elements are ey, e, ..., ex (in increasing order),
we have

P(w; =w*|lwiq1) — P (w1 = W'|Wt,1)

a g Penlio] P, [i] 1. Pwei] Pw.[eiy]
- Z (pwt[zl]' 1 FET i ] _pwt[ell]' )

(i1,0mmsig) ECTR) — P[] 1- Ej<k D, [ij 1 - pw,lei] 1 - Zj<k D, [eij]

> 0,

the last inequality holds because pgw,[i] > pw,[e;] for all i < k and pw,[k] > pw, [ex], thus for ¢ > 1:
P(w; =w'|wy_1) >P (wt = w/lwt_l) Vw e Wwe, Wi—1 € W,
Since greedy decoding selects the w with highest probability, wfr%dy =w* for all t > 1. Additionally,

P(w; = w¥|wp) = Z P(w, = w'|wig = w) P (w1 = wlwyp)
wew
> Z P(wi =w|wi_1 = w) P(wi_1 = w|wg)
wew
=P (Wt = w’\wo) )

This implies P (w; = w*|wg) > P (w; = w'|wy) for all w € Wy, and according to Theorem 5.1,
majority vote will choose wiy, = w* with sufficient large sampling number V. O

Lemma E.3 (Convergence Rate for Majority Vote ). Given wy = wy_1 — % (XXth_l — XYT),
where Y = w*X + ¢, suppose &1 holds and 253 < % , then

ni/4

Ptrans t—1
P(w; = w*|lwg) — max P (w; =w|wg) > (1— — )
( t | 0) W/EW/W* ( t | O) Derans + 1 — Drecurr (precurr ptrans>
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Where

_(1_ 2k + o
Ptrans = n1/4 _ (Qk + Ue)

1
ﬁ7
n1/4

Precurr = 1-— o
nt/t — g,

Proof. First, when w;_; = w*, we have

_py
nt/t — o + do.

k

Wy [i] Zl—n‘{h 1<k
we[i] < 55 kE<i<d
O g max(0,w .
Let 7 = yZe For pv”vt[l] = m and 7 S k
. 1—71 1 k(1-7)
- > .
pwt[z]*k(l—T)—i—dT kk(l1—7)+dr
Hence,
P (w, = w*lw _ W*) _ Z o, lin] - Py, [i2] L Py, [ix]
W N E W P T e li] T peli]

(41,00 ) EC(K)

(%‘wuffﬁ)k’“’

=z k—1
- 1
Hm:l (1 -m (E -

dr

the last inequality is by let v = %
(¥ o (1)
[l (1=mg) ~ Ty (k= (k= 1)v) (1= m3))
o ()&
(k= (k= 1)0)* 2y (1= my)
v k 1—7
> (- - "
“\k—(k—1w 1—7+dr

Next, for w’ € W/w+ where the index of nonzero elements are ey, ez, .

we have:

P(w; =w*|wiq1) — P (wl = w'|wt_1)

= > (pv?/ [i1] - R ACI P [ik]

(il,...7’ik)ec(k>

1 — pw,[i1] 1- Zj<k; P, [i;

AL [ei] -

1

!

P[]

.., ek (increasing order),

Pwy [e%k]

k k 1
> (H P, [i] — prt [ez']) > (

(41,1 ) ECF) L =pa [Zl]

1-—

1

> <k P lig]

(- ¥ (=
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)

L—palen]  1-

Zj<k Dy, [6ij]
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Given that P (w; = w*|w;_1) > P(w; = w'|w;_1) for w' € W)y, we have P (w; = w*|w; 1) >

|—1‘ > dik, when &; holds:

2k+o. 1
P (Wt = W*|Wt71) —P (Wl = W,’Wtfl) > (1 _ 711/4)

Specifically,
O¢
P(w; = wHw*) =P (w; = w'[w*) > | 1 nl/f, P (w; = w*|w")
1- n1;4
Therefore,

P (w; = w*|wo) — P (wy = w'|wyg)

= Z (P(w =wlwi_1 =w) =P (wy = Wlwiy = w)) P (w1 = wlwg)

wew
2k + oc *
> Z (1_n1/4(2k‘+06))[?(wt:w w1 =w)P (w1 = w|wp)
WEW/W*
O * * *

—|—<1—1/4)P(Wt:WW)P(Wt_1:W|WO)

nl/4 — o

2k + o, 1 0. 1-7 \* —
(1= o) w3 Flwer =i+ (1= ) (72 ) P =wlw

WEW/W*

k
2% + o 1 . V4 _ g
B (1 o > g P (Wi = w*|wo)) + (1 ] ) < T : ) P (wi—1 = w*|wy)

_n1/4—(2k+06) Cpl/A g, nl/4 — o, + do.
ptz:ns precurr
t—1 * Ptrans Ptrans
> (p —p <IP’ Wi =W |Wg) — > +
( reowE traDS) ( ‘ ) Ptrans + 1- Precurr Ptrans + 1- Precurr
Ptrans ( t—1
1—(p —p )
Ptrans + 1- Precurr ( reeurr tranS)

E.3 Proof of Theorem 5.3

To prove Theorem 5.3, we first demonstrate that the majority vote algorithm can achieve perfect
accuracy with a high probability given a sufficient large sampling number N (by combining
Theorem E.4 and Theorem E.5). Subsequently, for the greedy decoding algorithm, we prove that

with high probability, wfreedy will transition between states w’ and w”, where w’, w” # w*.
In the following, as we consider the case where k = 1, we define 1; = [0, ..., } ,0,...] be a

i-th
vector with a value of 1 at the i-th element and 0 elsewhere. Without loss of generality, we assume
w* = ﬂl.

Lemma E.4. Consider the case where n = k = 1,0, = 0, and denote the in-context example as
(x,wa). Then:
P(wio =wilwy=w) >0

Holds for all w € W with probability at least 1 — 2d—1,1.

38



Proof.

P (Wi = Wi |lwy =w) = Z P (Wt+2 =w'wy_q = W/) P (WtH =w|w; = W)

w/'ew
It suffices to demonstrate the existence of a w’ € W, such that P (w12 = w*|w;—1 = W) P (wyyq =
0.
Without losing generality, we let z; > 0, w; = 1; and for x = [x1,z2,...,24] we let 1 > 0,

T9 > x3--+ > x4. We have:
Wt+1 Z ZiZj Wt 117 ] W*[]]))
Jjeld

{V~Vt+1[i] = z; (21 — 1) ifi#1

Wt_,_l[i] = 1+:L‘l (Il —a:l) ifi:l'

If x1 — 2; > 0, then Wy41[1] > 0, implying the existence of w' = w*, such that:
P (wt+2 =w'wy_ = W’) P (th =w|w, = W)
=P (W2 = Wi wi_1 = wx) P (Wiyp) = wx |wy =w)
x1 (21 — x7)

= = — >0
> e max (0, Wit [i])

If 1 —x; < 0, we consider the case where x4 < 0, which occurs with a probability of at least 1 — 2(1%1.

In this case, we ensure x4 < 0 to satisfy x4 (z1 — ;) > 0. Subsequently, leveraging the condition
x1 — xq > 0, we can choose w’ = 1, such that:

P (Wt+2 =w' w1 = w’) P (wt+1 =w|w; = w)
o mi(m1—m) . 21 (21 — Za)

2 = - = —~ >0
Zie[d] max (0, wy1[i]) Zie[d] max (0, We-2[i])

O]

Lemma E.5. Consider the case where n = k = 1,0, = 0, and denote the in-context example as

(x w x) There exists a ¢ > 0 such that for reasoning steps T > erllnll_/g and sufficient large sampling

number N, it holds that

WIZHJ,IN =w,
with probability at least 1 — %

Proof. Referring to Theorem E.4, with probability at least 1 — 2d 0 P(Wipo =wwy =w) >0
holds for all w € W, define

¢= V{,Iéi)r/leP’(ng =w'lw, =w).
Assume t = 2¢q + 1 (if not, since P (wy = w*|wg) > P (w1 = w*|wy), we can set t — 1 = 2q + 1)
P (wagi1 = wwo)

= > P(wagi1 = WHlwag 1 = w) P (way 1 = w|wo)
wew

ww, =w) >

= > P(wag1 = Wilwag 1 = W) P (wag 1 = Wlwo) + P (wagi1 = Wwag 1 = W) P (way 1 = w¥|wo)

WEW /g%
> (1 =P (wag-1 = w'wp)) + P (wag-1 = w"|wo)
>(1—QF(P(wi=w'wp) = 1) +1>1-(1-¢)"
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If k> %, then P (wag+1 = wW*|wo) > 1/2, and therefore:

1
P (wy; = w*|wq) > 3> 1—P(wy = w'|wg) > P (w; = w'|wg) YW € Wy

In this case, by Theorem 5.1, with sufficient large sample number N, wi'y = w*. O

Lemma E.6. Consider the case where n = k = 1,0, = 0, and denote the in-context example as
(X, WTX). Then
threedy 7& w*
holds with probability at least 1 — % — 2(1%1-
Proof. Here, we directly construct a case where, with a high probability, the greedy decoding will
become stuck between two stages and fail to reach the state w*.
Without loss of generality, we assume x1 > 0, and we select xo and x3 such that zo = max;~1 x;

d—1
and 3 = max;>1 (—z;). With a probability of 1 — Zf;i ﬁ (2;_1) — 2d1_1 >1-— (21 — Qd%l, it holds
that z9 > 1 > 0 and z3 < 0.
In this case,

V~V1[2] =T1T2 > T1T; = Wl[jL

holds for all j € [d],j # 2. Then W%reEdy =w' # w* where w' = 1. Similarly,

{V~V2m = z; (21 — 22) if i # 2

WQ[i]Zl—l-IL’i(wl—xQ) ifi=2

If argmax;c(q Wali] = 2, then w§*Y — w/_ thus for w&**Y = w’ £ w* holds when ¢ > 1. . If
argmax;c(q Wali] # 2, as 11 — 2 <0,

Wo[3] = @3 (1 — x2) > x; (11 — 22) = Walj],
holds for all j € [d],j # 3. In this case, we have wy = w” # w* where w” = 13 and for wj:

{vvgm = z; (21 — x3) ifi#3

\i’g[i]:1—|—xi(aﬁl—x3) ifi=3

Similarly, if argmax;cg W3li] = 3, then wEY — w’ thus for w&**¥ = w” 2 w* holds when
t> 2.

If argmax, 1, Wali 2, as (z1 —x3) > 0, we know that w&°*Y = w’, then w8 ¥ = w/,
g 1€[d] 3 4
greedy
w =w..
In conclusion, w&**¥ will be either w’ or w” for ¢ > 0, thus w&**% = w* for ¢t > 0. O
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F Prompt Examples

Prompt For GSM8K with Assigned Token Budget

You are a math problem solver. I will give you a problem from the Grade School Math 8K
dataset (GSMS8K). At the end, provide the final answer as a single integer.

Example: Problem: There are 15 trees in the grove. Grove workers will plant trees in the
grove today. After they are done, there will be 21 trees. How many trees did the grove workers
plant today? Answer (You should choose different reasoning method based on different tokens
limit):

Case 1 (low token budgets, for example 20): We have token limits 20. The answer is ##6##.
[END]

Case 2 (medium token budgets, for example 100): We have token limits 100. 21 - 15 = 6.
The answer is ##6##. [END]

Case 3 (high token budgets, for example 200): We have token limits 200. There are 15 trees
originally. Then there were 21 trees after some more were planted. So there must have been
21 - 15 = 6. The answer is ##6##. [END]

Case 4 (sufficient token budgets, for example 500): We have token limits 500. There are 15
trees originally. Then there were 21 trees after some more were planted. So there must have
been 21 - 15 = 6. [...(more thoughts such as check answer to satisfy tokens limit)] The answer
is ##64##. [END]

Important: You should try your best to use around {token limit} tokens in your reasoning
steps.

If you feel like you are finished early, spend the extra tokens trying to double check your work
until you are absolutely sure that you have the correct answer.

Here’s the problem:

{problem}

Solve this problem, use around {token_limit} tokens in your reasoning, provide the final
answer as a single integer, and put your final answer in this format: “The answer is ##your
answer#+#.”, and end this chat with ‘{[END]’

\. .

For the MATH dataset, we simply replaced the “Grade School Math 8K dataset (GSMS8K)”
(first line in above prompt) with “MATH.”
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